p ≥2 -cyclic and contractive self-mappings on a set of subsets of a metric space which are simultaneously accretive on the whole metric space are investigated. The joint fulfilment of the p-cyclic contractiveness and accretive properties is formulated as well as potential relationships with cyclic self-mappings in order to be Kannan self-mappings. The existence and uniqueness of best proximity points and fixed points is also investigated as well as some related properties of composed self-mappings from the union of any two adjacent subsets, belonging to the initial set of subsets, to themselves.
Introduction
In the last years, important attention is being devoted to extend the fixed point theory by weakening the conditions on both the mappings and the sets where those mappings operate 1, 2 . For instance, every nonexpansive self-mappings on weakly compact subsets of a metric space have fixed points if the weak fixed point property holds 1 . Another increasing research interest field relies on the generalization of fixed point theory to more general spaces than the usual metric spaces, for instance, ordered or partially ordered spaces see, e.g., 3-5 . It has also to be pointed out the relevance of fixed point theory in the stability of complex continuous-time and discrete-time dynamic systems 6-8 . On the other hand, Meir-Keeler self-mappings have received important attention in the context of fixed point theory perhaps due to the associated relaxing in the required conditions for the existence of fixed points compared with the usual contractive mappings 9-12 . Another interest of such mappings is their usefulness as formal tool for the study p-cyclic contractions even if the involved subsets of the metric space under study of do not intersect 10 . The underlying idea is that the best proximity points are fixed points if such subsets intersect while they play a close role to fixed Furthermore, if t 0, then 0 ∈ R is the unique fixed point with T j x 0; for all j ∈ Z . If p 0 then, T j x t j → z 0 as j → ∞ if |t| < 1 and then z 0 is again the unique fixed point of T . In the general case, Tx t|x| p sgn e x implies holds if λ * |t| |x| p−1 ≤ 1 that is, T : R → R is weighted λ * x, y -accretive with λ * x, y : t −1 min |x| 1−p , |y| 1−p . The restricted self-mapping T : −1, 1 ⊂ X → −1, 1 is λ * ≡ t −1 -accretive. Furthermore, if p ≥ 1, then T : −1, 1 ⊂ X → −1, 1 is |t|-contractive if |t| < 1 and the iteration T j x → 0 as j → ∞ with z 0 being the unique fixed point since d Tx, Ty ≤ |t| min |x| p−1 , y p−1 d x, y ≤ |t|d x, y ; ∀x, y ∈ −1, 1 .
2.11
Note from the definition of the self-mapping Tx −t|x| p−1 x on −1, 1 that it is also a 2-cyclic self-mapping from −1, 0 ∪ 0, 1 to itself with the property T −1, 0 0, 1 and T 0, 1 −1, 0 .
All the given definitions can also be established mutatis-mutandis if X is a normed vector space. A direct result from inspection of Definitions 2.1 and 2.2 is the following. Assertions 1. 1 If T : D T ⊂ X → X is an accretive mapping, then it is λ * -accretive, for all λ * ∈ R 0 . 2 If T : D T ⊂ X → X is λ * -accretive, then it is λ * 1 -accretive; for all λ * 1 ∈ 0, λ * . 3 Any nonexpansive self-mapping T : D T ⊂ X → X is 0 * -accretive and conversely. Theorem 2.9. Let X, be a Banach vector space with X, d being the associated complete metric space endowed with a norm-induced translation-invariant and homogeneous metric d : X × X → R 0 . Consider a self-mapping T : X → X which restricted to T : A ∪ B → A ∪ B is a 2-cyclic k-contractive self-mapping where A and B are nonempty subsets of X. Then, the following properties hold.
i Assume that the self-mapping T : X → X satisfies the constraint:
with k, λ ∈ R 0 satisfying the constraint k 1 kλ < 1. Then, the restricted self-mapping
irrespective of A and B being bounded or not.
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If, furthermore, A and B are closed and convex and A ∩ B / ∅, then there exists a unique fixed point
ii Assume that A and B are nondisjoint. Then, T : A ∪ B → X is also k c contractive and λ *accretive for any nonnegative λ * ≤ k −2 k c − k and any k c ∈ k, 1 . It is also nonexpansive and λ * -accretive for any nonnegative λ * ≤ k −2 1 − k .
iii
Proof. Let us denote d AB : dist A, B . Consider that the two following relations are verified simultaneously:
2.14
Since the distance d : X × X → R 0 is translation-invariant and homogeneous, then the substitution of 2.14 yields if A and B are disjoint sets, after using the subadditive property of distances, the following chained relationships since 0 ∈ X:
Journal of Applied Mathematics 7 with k c : k 1 kλ * ≥ k. Note from 2.15 that
2.16
and, if k c < 1, then
2.17
If d AB 0 then lim j → ∞ d T j x, T j y 0. It is first proven that the existence of the limit of the distance implies that of the limit lim j → ∞ T j z; for all z ∈ A ∪ B. Let be x j T j x, y j T j y with
being contractive is globally Lipschitz continuous. Then, lim j → ∞ d T j x, T j y d lim j → ∞ T j x, lim j → ∞ T j y 0 since, because the fact that the metric is translation-invariant, one gets
2.19
As a result,
In addition, there exists lim j → ∞ T j x lim j → ∞ T j y ω ∈ A ∪ B; for all x ∈ A, for all y ∈ B. Assume not so that there exists x ∈ A such that ¬∃lim j → ∞ T j x and there exists a subsequence on nonnegative integers {j k } k∈ Z 0 such that T j k 1 x / T j k x. If so, one gets by taking y Tx ∈ B that d T j k Tx , T j k x > 0 which contradicts lim j → ∞ d T j Tx , T j x 0. Then {T j x} j∈Z 0 is a Cauchy sequence for any x ∈ A ∪ B and then converges to a limit. Furthermore, ω ∈ A ∪ B since T j A ∪ B ⊆ A ∪ B for any j ∈ Z 0 and as j → ∞ since A and B are nonempty and closed. It has been proven that lim j → ∞ T j x lim j → ∞ T j y ω ∈ A ∪ B; for all x ∈ A, for all y ∈ B.
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It is now proven that ω Tω ∈ Fix T . Assume not, then, from triangle inequality,
It is now proven by contradiction that ω
Then, one gets from the first inequality in 2.15 that for all x ∈ A, y ∈ B, one gets
2.21
Note
is even and T j y ∈ A and T j y /
∈ B if j is odd. Then, T j x and T j y are not both in either A or B if x and y are not both in either A or B for any j ∈ Z 0 . As a result,
for some best proximity points z ∈ A and Tz ∈ B or conversely. Then,
is a normed space, then by taking the norm-translation invariant and homogeneous induced metric and since there Journal of Applied Mathematics 9 exists lim j → ∞ d T j 1 x, T j 1 y d AB , it follows that there exist j 1 ∈ Z 0 and δ δ ε, j 1 
for any given ε ∈ R ; for all x ∈ A, for all y ∈ B with T j x ∈ A, T j 1 y ∈ A for any even j ≥ j 1 ∈ Z 0 and T j x ∈ B, T j 1 y ∈ B, for any odd j ≥ j 1 ∈ Z 0 . As a result, by choosing the positive real constant arbitrarily small, one gets that
Best proximity points are unique in A and B as it is now proven by contradiction. Assume not, for instance, and with no loss in generality, assume that there exist two distinct best proximity points z 1 and z 2 in A. Then T 2 z 1 z 1 and T 2 z 1
is a uniformly convex Banach space, we take the norm-induced metric to consider such a space as the complete metric space X, d to obtain the following contradiction:
is also a strictly convex Banach space and A and B are nonempty closed and convex sets. Then, z T 2 z ∈ A is the unique best proximity point of T : A ∪ B → A ∪ B in A and Tz is its unique best proximity point in B. Then, Property i has been fully proven. Since A and B are not disjoint, then d AB 0, and T :
By taking k c 1, note that T : A ∪ B → X is nonexpansive and k −2 1 − k -accretive. Property ii has been proven.
To prove Property iii , we now discuss if for all x ∈ A, for all y ∈ B, but d x, y ≤ 2d d AB 2k D 1 d AB . Thus, the above constraint is guaranteed to hold in the worst
Property iii follows from the above three cases a -c .
To prove Property iv , consider again 2.26 by replacing the real constants λ and k c with the real functions λ : X × X → R 0 and k c :
2.28
Property iv has been proven.
Remark 2.10. Note that Theorem 2.9 iii allows to overcome the weakness of Theorem 2.9 ii when A and B are disjoint by introducing the concept of weighted accretive mapping since for best proximity points z ∈ A ∪ B, λ z, T z 0.
Remark 2.11. Note that the assumption that X, is a uniformly convex Banach space could be replaced by a condition of strictly convex Banach space since uniformly convex Banach spaces are reflexive and strictly convex, 18 . In both cases, the existence and uniqueness of best proximity points of the 2-cyclic T : A ∪ B → A ∪ B in A and B are obtained provided that both sets are nonempty, convex, and closed. Remark 2.12. Note that if either A or B is not closed, then its best proximity point of T :
for finitely many and for infinitely many iterations through the self-mapping T : A ∪ B → A ∪ B and Theorem 2.9 is still valid under this extension.
Note that the relevance of iterative processes either in contractive, nonexpansive and pseudocontractive mappings is crucial towards proving convergence of distances and also in the iterative calculations of fixed points of a mapping or common fixed points of several mappings. See, for instance, 19-25 and references therein. Some results on recursive multiestimation schemes have been obtained in 26 . On the other hand, some recent results on Krasnoselskii-type theorems and related to the statement of general rational cyclic contractive conditions for cyclic self-maps in metric spaces have been obtained in 27 and 28 , respectively. Finally, the relevance of certain convergence properties of iterative schemes for accretive mappings in Banach spaces has been discussed in 29 and references therein. The following result is concerned with norm constraints related to 2-cyclic accretive self-mappings which can eventually be also contractive or nonexpansive. Theorem 2.13. The following properties hold.
i Let X, d be a metric space endowed with a norm-induced translation-invariant and homogeneous metric d :
2.30
T : A∪B → A∪B is guaranteed to be nonexpansive (resp., asymptotically nonexpansive) if
ii Let X, be a normed vector space. Consider a λ * -accretive mapping T : A ∪ B −→ X for some λ * ∈ R 0 which restricted to T : A ∪ B −→ A ∪ B is 2-cyclic, where A and B are nonempty subsets of X subject to 0 ∈ A ∪ B then I λT j ≥ 1; ∀j ∈ Z 0 , ∀λ ∈ 0, λ * .
2.33
If, furthermore, T : Proof. To prove Property i , define an induced by the metric norm as follows x d x, 0 since the metric is homogeneous and translation-invariant. Define the norm of T : A ∪ B → A ∪ B, that is, the norm of T on X restricted to A ∪ B as follows:
with the above set being closed, nonempty, and bounded from below. Since T : 
is not in A ∩ B which is empty. If k 1 and lim j → ∞ j i 0 k j 0 i.e., there are infinitely many values |k i | being less than unity , then the conclusion is identical. If A and B are redefined as A R 0− , B R 0 , then Fix t
1, 2, otherwise, where x j 1 k j x j for i 1, 2 with the real sequence {k j } j∈Z 0 being subject to k j ∈ −k, k ≤ k ≤ 1, sgn k j 1 − sgn k j sgn x i j ; i 1, 2, for all j ∈ Z 0 and x 0 ∈ A ∪ B.
Then, for any ε ∈ R and any x 0 ∈ A ∪ B, there are two best proximity points z −ε ∈ A and z 1 ε ∈ B fulfilling −ε tε −t 2 ε and d AB d z, z 1 d z, tz d tz 1 , z 1 .
e Redefine X R 2 so that R 2 x
In the case that ε 0, then A and B are open disjoint subsets resp., A R 2 0− , B R 2 0 are closed nondisjoint subsets with A ∩ B { 0, x T : x ∈ R} .
The 2-cyclic self-mapping T ≡ t : A ∪ B × Z 0 → A ∪ B × Z 0 is re-defined by the iteration rule: The following result which leads to elementary tests is immediate from Theorem 2.13.
Corollary 2.15. The following properties hold.
i Let X, be a normed vector space with X, d being the associate metric space endowed with a norm-induced translation-invariant and homogeneous metric d : X × X → R 0 and consider the self-mapping T : X → X so that the restricted T : A ∪ B → X is λ *accretive for some λ * ∈ R 0 , where A and B are nonempty subsets of X subject to 0 ∈ A ∪ B, and the restricted T :
ii Let X, be a normed vector space. Then if T : A ∪ B → X is a λ * -accretive mapping and T : A ∪ B → A ∪ B is 2-cyclic for some λ * ∈ R 0 where A and B are nonempty subsets of X subject to 0 ∈ A ∪ B, then I λT ≥ 1; ∀λ ∈ 0, λ * .
2.46
If, furthermore, T : 
Outline of Proof
Example 2.17. Constraint 2.50 linking Theorem 2.13 and Corollary 2.15 to Theorem 2.9 is tested in a simple case as follows. Let A ≡ Dom T B ≡ Im T ⊂ X ≡ R n . R n is a vector space endowed with the Euclidean norm induced by the homogeneous and translation-invariant Euclidean metric d : X × X → R 0 . T is a linear self-mapping from R n to R n represented by a nonsingular constant matrix T in R n×n . Then, T is the spectral or 2 -norm of the kcontractive self-mapping T : X → X which is the matrix norm induced by the corresponding vector norm the vector Euclidean norm being identical to the 2 vector norm as it is wellknown fulfilling
2.51
with the symmetric matrix T T T being a matrix having all its eigenvalues positive and less than one, since T is nonsingular, upper-bounded by a real constant k which is less than one. Thus, T : A ∪ B → X is also λ * -accretive for any real constant λ * < k −2 1−k and k c -contractive for any real k c ∈ k, 1 . Assume now that
Journal of Applied Mathematics for some integer 0 < p ≤ n with
Also, Fix T {0 ∈ R n }for any integer 0 < p < n then T is singular but the last n − p -components of any x ∈ A X R n are zeroed at the first iteration via T so that if e i is the ith unit vector in R n with its ith component being one, then
2.54
Now, assume that the matrix T is of rank one with its first column being of the form
with 0 < p < n, −k ≤ k i / 0 ≤ k < 1; for all i ∈ p. Then, 2.54 still holds by changing x / 0 in the first equation to x 1 / 0. Finally, assume that
with 0 < p < n. Then, the self-mapping T : X → X is nonexpansive also noncontractive and Fix T {0 ∈ R p } ⊕ R n−p which is a vector subspace of R n , that is, there exist infinitely many fixed points each one being reached depending on the initial x in X with the property ∃lim j → ∞ T j x 0 T , y T ∈ Fix T for any given
The following result is concerned with the distance boundedness between iterates through the self-mapping T :
Theorem 2.18. Let X, be a normed vector space with X, d being the associated metric space endowed with a norm-induced translation-invariant and homogeneous metric d : X × X → R 0 . Let T : X | A∪B → X | A∪B be a 2-cyclic k-contractive self-mapping so that T : A ∪ B → X is λ * -accretive for some λ * ∈ R 0 where A and B are nonempty subsets of X. Then,
for some finite real constants m 1 ∈ R , and m 2 ∈ R 0 , which are independent of x and the jth power, and m 2 is zero if A and B intersect. Furthermore,
Proof. One gets for λ ∈ 0, λ * , some λ * ∈ R 0 and x ∈ A ∪ B that so that one has for λ * : 1 − k −1 ε with ε ∈ ε 0 , 1 for some real constant ε 0 ∈ 0, 1 provided that k ∈ 0, 1 :
and if k 0 then d x, T x ≤ 2 λ d AB d x, 0 ; ∀λ ∈ R 0 .
2.60
i As j → ∞, the iterates T j x and T j y; for all x ∈ A i , for all y ∈ A i 1 converge to best proximity points in cl A i and cl A i 1 which are also in A i if A i is closed, respectively, in A i 1 if A i 1 is closed for any i ∈ p. Also, for any given i ∈ p such that the sets A i and A i 1 are convex and closed, if any, then both best proximity points of T : A i ∪ A i 1 → A i ∪ A i 1 of Property (i) are unique and belong, respectively, to A i and A i 1 . If, furthermore, i∈p cl A i / ∅, then the best proximity points of Property (i) become a unique fixed point for the p-cyclic k-contractive self-mapping T : A i ∪ A i 1 → A i ∪ A i 1 . Such a fixed point is in i∈p cl A i (and also in i∈p A i if all the subsets A i ⊂ X, i ∈ p are closed).
ii All the composed 2-cyclic self-mappings T i : A i ∪ A i 1 → A i ∪ A i 1 , for all i ∈ p are k-contractive. Thus, the iterates T i j x T T jp−1 x and T i j y T T jp−1 y ; for all x ∈ A i , for all y ∈ A i 1 converge as j → ∞ to best proximity points in cl A i and cl A i 1 which are also in A i if A i is closed, respectively in A i 1 if A i 1 is closed. For any given i ∈ p such that the sets A i and A i 1 are closed and convex, if any, then both best proximity points of T i : A i ∪ A i 1 → A i ∪ A i 1 of Property (i) are unique and belong, respectively, to A i and A i 1 . If, furthermore, i ∈ p cl A i / ∅, then the best proximity points of Property (i) become a unique fixed point for all the composed 2-cyclic self-mappings T i : A i ∪ A i 1 → A i ∪ A i 1 which are k-contractive; i ∈ p. Such a fixed point is in i∈p cl A i (and also in i∈p A i if all the subsets A i , i ∈ p are closed).
